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Abstract. In the paper we find effective formulas for the invariant functions, ap- 
pearing in the theory of several complex variables, of the elementary Reinhardt do- 
mains. This gives us the first example of a large family of domains for which the 
functions are calculated explicitly. 



0. Introduction. Holomorphically invariant functions and pseudometrics have 
proved to be very useful in the theory of several complex variables. Nevertheless, 
the problem of finding effective formulas for the objects has turned out to be very 
difficult . So far there have been very few examples of domains for which the formulas 
for these functions are known explicitly. 

Among many different invariant functions and pseudometrics let us mention the 
Lempert and Green functions, the Kobayashi and Caratheodory pseudodistances as 
well as their infinitesimal versions i.e. the Kobayashi-Royden, Caratheodory and 
Azukawa pseudometrics. 

Due to Lempert's theorem (see [L 1,2]) all holomorphically invariant functions 
and pseudometrics coincide in the class of convex domains, therefore, these are 
the non-convex domains, which may deliver us a great deal of different invariant 
functions, not the convex ones. But even in convex case it is difficult to find 
explicit formulas for the objects involved. Among few results in this direction let 
us mention here the special case of convex (see [BFKKMP] , [JP 2] ) and non-convex 
(see [PZ]) ellipsoids. The other class of non-convex domains for which some of the 
functions were calculated is a class of elementary Reinhardt domains (see [JP 1,2]). 
In our paper we extend the results obtained in those domains for all invariant 
functions and pseudometrics mentioned earlier. The formulas obtained enable us 
to understand better the mutual relations between the invariant objects and give 
surprising solutions to some problems. 

1. Definitions, notations and main results. By E we will always denote the 
unit disc in C. We put m{Xi, A2) '■— ji^x^xl] •^i' ^2 ^ E and 7£;(A; a) := -^2"||2 , 
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Let D be a domain in C". Following [L 1], [Ko 1], [Kl 1,2], [C], [A], [R] and 
[JP2] for {w, z) E D and (w. X) <E D x wc define the following functions: 

k*jj{w, z) := inf{m(Ai, A2) : 3ip G 0{E, D), <p(Ai) = w, (/^(Aa) = z}, 

fcj)(u',z) := tanlifc£)(w;, z), 

where fcu is the largest pseudodistance smaller or equal than kn '■= tanh~^ 

gD{w,z) := sup{u(2;) : 

loguGPSH(£),[-oo,0)), 3M,ii>0:u(C) <M||C-w|| for C G £>, HC-w'll < R}, 

c*d{w,z) := sup{m{ip{w),ip{z)) : ip e 0{D,E))\ 

and also their infinitesimal versions: 

Kd{w; X) := inf{7E(A; a) : 3^9 e 0{E, D), ip{X) = z, a^'{X) = X}, 

A r v\ T gD{w,w + XX) 
Ad{w;X) :=limsup r- , , 

A/>0 l-^l 

Mw;X) := sup{jE{<p{wy,<p'{w)X) : cp G 0{D,E)}. 

The function fc^ (respectively, go, k"^, c^) is called the Lempert function (respec- 
tively, the Green function, the Kobayashi and Caratheodory pseudodistance). The 
function kd (respectively, Ajy and 713) is called the Kobayashi-Royden (respectively, 
Azukawa and Caratheodory-Reiffen) pseudometric. 

Note that the functions fc^, and cjj arc always symmetric, whereas go need 
not have the property. For the basic properties of the functions defined we refer the 
interested reader to [ JP 2] . Let us mention here only some basic relations between 
the objects involved: 

kf) > kjj > Cjj, kjj > gn > Cjj, 
KD > Ad > 7d. 

A mapping ip G 0{E,D) is called a ko-geodesic for {w,z), w ^ z li </?(Ai) = w, 
P'i^2) = z and m(Ai, A2) = k*D{w, z) for suitable Ai, A2 S E. 

The class of domains we are intersted in is defined below. 

For a = (ai, . . . ,an) eW^, n> 1, (R+ := (0, 00)) define 

Da :={0eC" : Izil"! |z„|"" < 1}. 

We say that a is of a rational type if there are t > 0, /3 = (/3i, . . . , G N" such 
that a — t(3. We say that a is of irrational type if a is not of a rational type. 
Remark that in case when a is of rational type we may without loss of generality 
assume that all aj's are relatively prime natural numbers. We define also 

Da ■■= {z € Da : Zi ■ . . . ■ Zn 0}, 

If a e N", then we denote 

z" := z^' ■ z^", F°'{z):=z", 

Note that the domain Da is always unbounded, Reinhardt, complete, and pseudo- 
convex but not convex. 

As mentioned in Introduction some of the invariant functions for domains Da 
are explicitly known. We gather the results known so far in the following theorem 
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Theorem 1 (see [JP 2]). IfaG N", where aj 's are relatively prime, then : 

c*jj^ {w, z) = m{w°',z°'), 
9D^iw,z) = m{w°',z°')-, 

AdAw;X) = (7£(w",F('^)HX))" , {w,z) G D„ X D^,{w;X) e D„ x C", 

where r is the order of vanishing of the function F°'{-) — F°'{'w) at w. 
If a is of irrational type, then 

7r,„ (w; X) = 0, [w, z) e D x D,{w;X) & D x C". 

In our paper we extend the results of Theorem 1 to other invariant functions 
and pscudonictrics and we find the remaining formulas for the Green function (and 
Azukawa pseudometric) in the irrational case. The results are presented in two 
theorems. One of them concerns with rational, while the other one with irrational 
a. In both theorems in case of the Lempert function the formulas may seem to be 
incomplete (not all the cases are covered); nevertheless, because of the symmetry 
of both functions one easily obtains the formulas in remaining cases. 

Theorem 2. Assume that a G N" with aj 's relatively prime. Let (w, z) G x Da, 
{w; X) e DaX C". Denote J := {j G {1, . . . , n} : u;^ = 0} = {ji, . . . ,jk}- Then 
we have 

k*Djw,z) = 

{ min{m(Ai, As) : Ai, As G £, Af "^"^^ = «;«,Af "^"^^ = z<^), ifw,zG £>„ 



\z"\"ii+-+''ik , ifJi^% 



where the minimum is taken over all possible roots; 
in the infinitesimal case we have 

kd^{w; X) = 



Observe that if min{aj} = 1, then k*j-,^{w,z) = gDa,{w,z) for w,z & other- 
wise, if w°' ^ z°', then the Green function is strictly less than the Lempert function. 

In the irrational case imlikc in the rational one, these are not only the Lempert 
function, Kobayashi pseudodistance and Kobayashi-Royden pseudometric, which 
have not been calculated so far but also the Green function and the Azukawa 
pseudometric. 
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Theorem 3. Assume that a is of irrational type. Let (WjZ) G Da x Da, {w,X) G 
Da X C". Denote J := {j e {1, . . . , n} : = 0} = {ji, . . . ,jk). Then we have 



(ti;, 2;) = TO 




5Da (w', 2:) = 
m the infinitesimal case we have: 

Kd^ {w; X) = 



AdAw;X) = 

r ,ifJ = ^, 



[ • . . . • • . . . • \Xj,\"^^ • . . . ■ |w;„|«")°^i+ ■+<'^. , ifj^& 

Observe that for an arbitrary balanced pseudoconvex domain D we always have 

that fc|)(0, z) = hi){z), z <= D, where hu denotes the Minkowski function for D. 
In the above formula we have that k'^^{0,z) < hD^{z), z £ Da- It would be 
interesting to find the general form of A;|,(0, •) in the case when D is an arbitrary 
balanced pseudoconvex domain. 

2. Auxiliary results. 

For z G C" put 

Note that is a group with the multiplication defined as follows: 

[e^'^z,, e^«"z„) o {e^^^z,, e^«^"z„) := {e'^'^+^^^ z„ e'^'^+'^h^). 
Define T^^a as the subgroup of generated by the set 

{{e'^'^''^''zi,... , e'^^''"''2;„) : ji,... ,j„ G {1, . . . ,n}, h,... ,k„ G Z} 

Note that if a is of a rational type, then q, is finite; more precisely, if we assume 
that a G N" and aj 's are relatively prime, then 

Tz,a = {{sizi, . . . ,SnZn), where e"' = 1}. 
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However, if a is of irrational type, then a well-known theorem of Kronecker (see 
[HW], theorem 439) gives that 



(1) 

For /z G -E* we define 



T =T 



Put 



-in— 1 



3 . . . , A„_i; — > (^e ,---,e •...•e ) ^ '-'^ 



aiXi 



:= $^(C"-i), neE,, := e C" : zi • . . . • z„ = 0}. 



Note that 



Remark 4. Let ^ e Assume that w,^; S V^, and X e C" fulfils the equality 
E;=i^=0. Then 

f^Do, [w; X) = 0. 
In fact, w = z — ^fiij) for some A, 7 € C"~^, so 

~k*njw,z) = ~k*jjJ^^{X),^^{j)) < fc£„-i(A,7) = 0. 
To see the second equality note that assuming <&^(A) = w we have 



3=1 



Fee 



in— 1 



One may easily verify that 



Note that 



= Kc^-.ix-.Y) > Kz3„($4A),$;(A)y), y G C 



n-1 



which finishes the proof. 

In the proof of Lemma 5 below we shall replace E in the definition of the Lempert 
function with H := {x + iy : 1 > x > —1}. 

Lemma 5. Fix w,z & Z)„. Take any z e T^^a- Then for any (p e 0{E,Da) such 
that '^{Xi) = w, ip{X2) = z, Xi ^ A2 there is (f G 0{E,Da) such that <fi{Xi) = w 
and (p{X2) = z. 
Consequently, 

k*Da, ^) = ^) for any z e T^,a. 
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Proof. For the proof of the lemma it is enough to take any mapping 

tp e 0{H, Da), ip{0) = w, ip{it) =z, t>0. 
Define the mapping (A:„ € Z is fixed) 

We have 

tf(0) = W, If {it) = (Zi, . . . , Zn-l, e'~^'^''^'^Zn). 

Note that we may replace an-i above with any other aj and Zn with e^'^^'^"^ Zn, 
and also we may continue the procedure as above with the next components zj to 
be varied, which would finish the proof. □ 

Remark 6. From the proof of Lemma 5 we have also the following property: 

Fix a e N", ttj's relatively prime and < (5i < m(Ai,A2) < i52 < 1- Take any 
V' e C(i;,C"), ipiE) cc (C*)" and choose ^ G C" such that z"' = ^/'""(Az), for 
j = 1,... ,n. Then there is a mapping -ij) e 0{E,C) such that i){E) CC (C*)", 
V'(Ai) = V'(Ai), V!(A2) = z and 

(A) • . . . • C (A) = (A) • . . . • (A), AG E, 
mWiPjWE < UjWe < M\\ijj\\E, j = l,... ,n 

where m, M > depend only on 6i and a. 

Lemma 7. Fix L\.LI cc E, L2 CC C* and a e (R+)"- Assume that there is 
S > such that for any Ai £ Ll, A2 G we have m(Ai, A2) > S. 

Then there is L2 C CC C* such that for any zi, Z2 G L2 and for any Ai & L\, 
A2 G Ll there is ip & 0{E,C^) with ip{Xj) = Zj, j ^ 1,2, and ■)p{E) C K. 

Moreover, there is K CC C* such that for any numbers zi,... ,z„ G L2, 
wi,. . . ,Wk G L2, k < n with 

\z,r ....-IZn^- =1 

there are functions 

gO(£;,C,), i;j{E) c K, j = 1,... ,n, Vr (A) • . . . • C" (A) = e'^ A G i?, 
V'j(Ai) = Zj, j = 1,... ,n, il>j{X2) =Wj, j = 1,... ,k. 

Proof. For the proof of the first part of the lemma it is sufficient to prove it for 
Ll = {Ai}, Ll = {A2} with to(Ai, A2) = S. This is so because the general case one 
obtains from that special one by composing the functions with automorphisms of 
E and dilatation R\, where < i? < 1 and as we see the images of new functions 
are contained in that of the starting one. 
Define 

L := exp-^(L2) n (M x [0, 27r)) CC C. 
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Now put 

K := {exp(/i(A)) : A e 
and h is of the type h{X) = aX + b, o, 6 e C, h{Xi) = z\, h{X2) = Z2, z\,Z2 € L}. 

Observe that K CC C*. The mappings we are looking for are of the form expoh, 
where h is one of the functions appearing in the definition of K. 

For the proof of the second part of the lemma we put Wj for j = k + I, . . . ,n— 1 
as any number from L2 and we take mappings 'ipi, . ■ . , ipn-i as in the first part of 
the lemma. Define 

V'n(A) := 



(Vr(A)-...-C-I^(A))V«.' 
where the branches of powers are chosen arbitrarily and 6* G M is chosen so that 

V'n(Al) = Zn- □ 

Lemma 8. Let L\, Li, L2, S be as in Lemma 7. Fix a G N", where aj 's are rela- 
tively prime. Then there is K CC C* such that for any mappings tpj £ 0{E,C^), 
j = 1,. . . ,n with 

vr-----C" = i. AGE 

andtpj{Xi),'ipj{X2) G L2, where Xi G Ll, X2 G if there are functions ipj G 0{E,C^) 
such that 

V^j(Ai) = V'j(Ai), ^^2) = ^j{X2), i^jiE) CK, j = l,... ,n. 

Proof. For the proof put zj := ipj{Xi), Wj := ^j{X2), j = I, . . . ,n. From Lemma 7 
there are 'i^j, j = 1, . . . , n — 1 as desired. Put 

MX) := ^ 



(Vr(A)-...-C-I^(A))i/«" 

We choose the branch of the power ^ so that ipniXi) = Zn, note also that 
V'n"(A2) = w'n"' from Remark 6 we may change tp := {ipi,... ,ipn) so that all 
the desired properties are preserved and, additionally, V'n(A2) = Wn- □ 

Below we present a lemma, which is a weaker infinitesimal version of Lemma 7. 

Lemma 9. Let w G C*, X G C and Xi & E. Then there is a mapping ip G 
0{E,C:,) such that 

^|J{Xl)^w, V'(Ai)=X 



Moreover, for given numbers Wi,... ,Wn G C*, Xi, . . . ,Xk G C (k < n) 
a E where \wi\"^ ■ ... ■ |w„|"" = 1 there are mappings ipj G 0{E,Ct,), 

j = 1, . . . ,n such that 

V'j(Ai) = Wj, j = 1,... ,n, tlJj{Xi) = Xj, j = 1,... ,k, and 
V^(A)■...•C"(A)=e^^ AGE. 
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Proof. The first part goes as in the proof of Lemma 7 (note that we do not need to 
specify more, since we do not demand so much about the mapping ij) as in Lemma 
7). The mapping we are looking for is of the form exp(aA + b). 

For the second part of the lemma put Xj as any number from C ( j = fc + 
1, . . . , n — 1). Take V'j as given in the first part of the lemma (for j = 1, . . . , n — 1) 
with w replaced with Wj and X replaced with Xj. Put 



V'n(A) := 



(V'r(A)-...-C-r(A))i/- 



where the branches of powers are chosen arbitrarily and ^ G M is chosen so that 

V'n(Al) = U>„. □ 

Now wc arc able to give formulas for the Lempert function and the Kobayashi- 

Roydcn metric for special points. 

Lemma 10. Fix w &Vq. Let z € and X & C" . Then 



kdM.x) = {\w,r ■■■■■ 1^.1 • • • • • • . . . • iz«„r")°^i+-+"^-^ 



where J := {j G {1, . . . ,n} : wj = 0} = {ji, . . . ,jk}- 

Proof. Without loss of generality we may assume that wi = ... = Wk = 0, 
Wkj^i, . . . ,Wn 0, n > k > 1. We prove both equalities simultanuously. 
First we consider the case 

z G Da (respectively, Xj ^ for any j = 1, . . . ,k). 

Take any ip G 0{E, Da) such that 



(p{0) = w, (f{t) = z (respectively, (p(0) = w, t(f'{0) = X), for some t > 0. 
We have that 

(^(A) = (AV'i(A),... ,A^fc(A),Vfc+i(A),... ,Vn(A)), ^,eO{E,C), j = l,... ,n. 
Put 

n 

«(A) ■.= i[\M>^)r- 

i=i 

We know that logw G SH(£') and m < 1 on dE, so the maximum principle for sub- 
harmonic functions implies that u < 1 on E. In particular, u{t) < 1 (respectively, 
u(0) < 1), so 

n;^il-.l"- < 1 (respectively H^t. 1^.1"- H;.... k.l"- < 
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which gives us the inequaUty 



i > I n l^il"' I ' (respectively, i > [] l^il"' 11 l"'^ !"' | )• 

Therefore, 



,l + ...+afc 



(fc " \ 

To get above the equaUty put 



VJ=1 

(fe n \ °l + ---+»fe 

i[\xjr n i"'^-!"^' ) 
i=i j=k+l J 

and let us consider the following mapping: 

ifiiX) := (AV'i(A), . . . , AV'fc(A), V/c+i(A), . . . , V'«(A)), A G 
where V'j e ©(E, C*), j = 1, . . . , n, H^^i V'j(A)"^ = e*^ on £; and 

V'j(i) = ^^j/*, i = 1, • • • , fc, il)j{t) = Zj, j = k + l,... ,n; 
V'j(O) = '"'j) j = k + 1, . . . , n, (see Lemma 7), 
X ■ 

(respectively, Vj(0) = j = 1, • • • , fc, tpj{0) = Wj, j = k + 1, . . . , n, 

ip'AO) = — -, j = k + 1, . . . ,n - see Lemma 9 ). 
t 

Then ip G 0{E,Da), <^(0) = w, ip{t) = z (respectively, tip'{0) = X), which finishes 
that case. 

We are remained with the case z gVo (respectively, Xj = for sonic; 1 < J < fc). 
If there is j such that wj = zj = (respectively, wj = Xj = 0), then the mapping 

C"~"^ 9 (01, ... ,Zj,.. . ,Zn) ^ {Zl, . . . ,0, . . . ,Zn) & Da 

gives us the following 

= kcn-i{iwi,--- ,Wj,... ,«;„), (01,... ,Zj,... ,Zn)) >k*jj^{w,z), 
(respectively, 

= Kcn-i{{wi,... ,Wj,... ,Wn);{Xi,... ,Xj,... ,Xn)) > kd„{w;X)). 
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Therefore, we are reraained only with the Lempert function and then we may 
assume that for all j we have Iwjl + \zj \ > 0. 

Define for fixed /3 > the mapping ip := {ipi, ... ,ipn) as follows 

if Wj = 0, then ipj (A) 

if Zj = 0, then <^j(A) 

if WjZj 7^ 0, then (pj{X) 

where G 0{E,C^), JX^^i^jW' = e'^ on E and ip{f3) = w, <p(-/3) = z (the 
values of and tpj{—P) are prescribed if only WjZj ^ 0; for those j for which 

WjZj = only one from the values ipj{P) and iJjj{—P) is proscribed, more pre- 
cisely take ji such that Zj^ = 0, then we define /3) so that • 
• • • \tpn{—f3)\"" = 1; note also that there is j2 such that Wj^ = 0, so ^'hiP) has no 
fixed value it is the reason why we arc allowed to use Lemma 7). Note also that 
ip G 0{E, Da). As /3 > may be chosen arbitrarily small this completes the proof 
of the lemma. □ 

In the next step we will prove a formula for the Lempert function in the special 

case of the domain D^i ly Following (to some extent) the ideas from [JPZ] and 
[PZ] we shall propagate the formulas to the general case using a technic, which could 
be called a transport of geodesies. Roughly speaking, the idea relies on transporting 
the formulas from simpler domains to more complex ones with the help of 'good' 
mappings. In [JPZ] and [PZ] it was the Euclidean ball that was a model domain. 
In our paper it is a domain 

Lemma 11. Ifw,z e Vq, then 

Assume that w G -D(i^...^i). Then the following equality holds: 
^£>(i,... .1) ^) = "^(^1 ...Wn,Zi... Zn)^l^, 

where 

k := max{#{j : Zj = 0}, 1}. 

Proof. The first part of the lemma is a consequence of Lemma 10. Moreover, also 
the case z G Vb is a consequence of Lemma 10. 

Consider now the case w^z € D(i i). We may assume that w\ ■ . . . ■ Wn 7^ 

Zi ■ . . . ■ Zn (the other case is covered by Remark 4) . 
Let us consider the following mapping (see Lemma 7): 

^(A) := (Vi(A),... ,^„_i(A),e-'^AV„(A)), 

where 

\l~W\- w„, X2:= Zi- Zn, 

i>j gO{E,C,), j = 1,... ,n, ^i(A)-...-V„(A) = e'^ XeE, 
V'j(Ai) = Wj, Vj(A2) = Zj, j = 1, . . . , n - 1, 



x + p 



^,(A), 



l + f3X~'' 

MX), 



V'i(A), 
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(using Lemma 7 wc may assume even that tjjjiE) C K CC C*, j = 1,... ,n - 
compare Remark 12). 
Note that 

9? e ©(E, £)(!,. ..,1)), ip{Xi)=w, ip{X2) = Z. 

Therefore, combining these pieces of information with the formula of the Green 
function for -D(i_..._i) (see Theorem 1) we have: 

m{wi ■ ...■Wn,Zi- Zn)> ^^(1,... ,1) (w, 2^) > fi'Dd,- .i) ('^' ^) = 

m{wi ■ . . . ■ Wn, Zi ■ . . . ■ Zn). 

This completes the proof. □ 

Remark 12. Prom the proof of Lemma 11 we get that for any w,z & 

with wi ■ . . . ■ Wn ^ Zi ■ . . . ■ Zn there is a fc£)(i_... jj-geodesic for {w, z), which is of 
the form 

(Vi(A),...,V«-i(A),e^^^f|^Vn(A)) 

with V'i(A) • . . . • V'n(A) = 1 and ipj{E) CC C*. 

The domains although very regular have not got one property, which is crucial 
in the theory of the holomorphically invariant functions; namely, they are not taut. 
Therefore, we have no certainty that they admit fc^^ -geodesies. However, as Lemma 
13 will show, at least in the rational case and for points, which are 'sepcratcd' by 
the Lempert function, it holds. The existence of the geodesies will play a great role 
in the proof of the formula for the Lempert function in the rational case. 

Lemma 13. Assume that a G N" and aj 's are relatively prime. Let w,z & Da, 
7^ z". Then there is a bounded ko^-geodesic (p G 0{E,Da) for {w,z). 

Proof. We know that (see Theorem 1) 

t := fc^^ {w, z) > gD„ {w, z) = m{w", z") > 0; 
consequently, there are mappings (p^*^' = iip[''\ ... , ipn ^), k = 1,2, . . . such that 

(^(fe) g 0{E,Dc), if^'^Ho) = w, ip^''\tk) = z, where tk > ife+i ^ i > 0. 
We have 

(fc) oCfe) /(fe) -1 

where B^^^ is a Blaschke product and V'j'^^ € 0{E,<Ct,). 

Put ijj^'^'^ := (V-'j'°'')j=i- There are two possibilities (due to maximum principle of 
subharmonic functions - remember about the pseudoconvexity of the domain Da): 

(2) i^^''\E)cDa, 

(3) tP^''\E) c dDa. 

Below we shall prove that without loss of generality we may reduce our attention 
only to the case, which is some kind of generalization of (3). 
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Take any k such that (2) is fulfilled. First, notice that the mapping 

((i/'j'^^) "1 , . . . , (V'n'^) - ) is a mapping from 0{E, D(^i_ i^). iFvom Re- 
mark 12 there is a fc/^^^ ^j-geodesic for {tjj^'^\0),tjA''\tk)) of the form /i^'^^ := 
,V'i*^i,e*'''=^:^i/'i''^), where V^f ^ • . . . • V'i'^'' = 1 on such that /i^ (0) = 

V;('=)(0) and M^'^H^fcife) = V^^'^Hife), e E, Rk < 1. 

Coming back to the domain Da we see that instead of considering (/s^*'' with the 
property (2) we may consider the mapping (note that G N) 

because t^^'^) e 0{E,Da), <fi'^''\0) = w and ^^^H^fc) = ^• 

Therefore we may assume that (irrespective of which case we start (2) or (3)) 

^=Bf^i.^, j = l,...,n, 

where {ip[''^)°'^ ■ . . . ■ (ip'i!^^)"" — 1 and \Bj''^\ < 1 (although we have no longer that 

Bj'^^^s are the Blaschke products). 

Choosing, if necessary, a subsequence we may assume that for all j = 1, . . . ,n 
{Bj''^}'^i converges locally uniformly on E. Keeping in mind that (^('^^(0) — 
w and ip^^\tk) = z we have in view of Lemma 8 that there is K CC C, such 
that we may assume that vj'^'' {B) C K for any j, k (we may apply Lemma 8 
because L2 := {V'j'^''(ife)j^j'^''(0)}j,fe CC C,, which follows from convergence and 
boundedness of {-B^'^^j^^, the fact that WjZj 7^ 0, j = 1, . . . , n and the equality 
^^('=)^ai . _ _ . ^^(^)^a„ _ j^^^ g^j^^j then choosing, if necessary, a subsequence we get 
that the sequence (p*^*^) is convergent to a mapping G 0{E, D(^a)) with ip{E) CC 
(C*)" such that (/^(O) = w, (p{t) = z. The maximum principle for subharmonic 
functions implies, however, that <^(-B) C Da- This completes the proof of the 
lemma. □ 

3. The rational case — Proof of Theorem 2. In the present section we provide 
the proof of Theorem 2. Since the theorem consists of a number of formulas we 
prove them below one by one. We start with the Lempert function, which is basic 
in the calculation of other functions. 

We begin with a formula for the Mobius function, which seems to be very prob- 
able; nevertheless, we were not able to find some references in the literature. Its 
proof is elementary but it needs tedious calculations, so we skip the proof. 

Lemma 14. Fix < s < 1. Then for any Ai G (0, 1), X2 G E we have 

m{Xl,Xl) > m(Ai,A2), 

where Af G (0, 1) and the power A| is chosen so that the left-hand side of the 
formula is smallest possible. 

Proof of formula for k^^ in rational case. The case wi • . . . • w„ = is a consequence 
of Lemma 10. The case WjZ G Da, w" = z" follows from Remark 4. We are 
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remained with the case w,z <E Da, 7^ z". Due to Lemma 13 there is a bounded 
^Da-geodesic (p £ 0{E, Da) for {w, z) = (<^(Ai), (p(A2)). Proceeding as in the proof 
of Lemma 13 we may assume that 

ipj = Bj'tpj, j = l,...,n, 

where Bj is the Blaschke product (up to a constant \cj\ = 1), ipj(E) C -ft' CC C* 
and ip'^^ ■ . . . ■ = 1. In fact, let us consider the decomposition of (fj as above 
with the Blaschke product Bj . Put 

Consider two cases. If tp"^ • . . . ■ V'"" is not constant on E, then tp e 0{E, -D(i,... ,1)) 

and it is a kn^i ^j-geodesic for (■0(Ai), ■0(^2)), otherwise, there would be € 
£>(!,... ,1)) «uch that tjjiXi) = i;{Xi), ^/'(Aa) = Vi(A2) and 4>{E) CC 

taking then (p{X) := {Bj{X)ijjj °^ (A))"^i we get a mapping such that i^(Ai) = 
(^(Ai), i^(A2) = f{X2) and <^(i?) CC D^ - contradiction. Due to Remark 12 
we know that there is a ko^^ ^j-geodesic for (^(Ai), V'(A2)) = (/i(Ai),/i(A2)), 
where • . . . ■ ?A„ = 1 and ^^^{Eys are relatively compact in C*. Taking now 
{Bj{X){iij{X)) °-j )^=i instead of (p we get the desired property. 

In case ip"^ ■ . . . ■ f/;^" = e'^, we may assume that i^jiE) C -ftT CC C* for some 
K because of Lemma 8 (and then without loss of generality we may assume that 
e*^ = 1). 

Therefore, (p{E) is contained in some polydisk. Consequently, (p{E) is contained 
in some smooth bounded pseudoconvex complete Reinhardt domain G C D^, which 
arises from the domain D^ by 'cutting the ends' and 'smoothing the corners'. There- 
fore, is a fcc-geodesic for {w,z). Using the results of [E], [Pa] we have that there 
are mappings hj G H°°{E, C), j = 1, . . . , n and p : dE — > (0, 00) such that 

\h*{X)ifi*{X) = p{X)aj\{ip*{X))"\, j = l,... ,n, for almost all X £ dE 
A 

(we easily exclude the case (i^*(A))" = for A from some subset of dE with non- 
zero Lcbesgue measure). Using the result of Gentili (see [Ge]) we get that for some 
6j GC*, j = 1,... ,n,pGE, 

iPiWhjiX) = bj{l - PX){X -13), 3 = 1,... ,n, XeE, 

where bj/aj = bk/cxk, j,k = 1, . . . ,n. Consequently, we may take 

Si(A)=c,(^f^y\ ic,i=i, 

where Vj G {0, 1} and not all r^-'s are equal to 0. Without loss of generality we may 
assume that (3 = (we change then only Ai and A2). 

Now we are coming back to the domain D^- We may assume that ri = . . . = 
Tfe = 1 and Tfe+i = . . . = r„ = (1 < A; < n). We want to have for some Ai , A2 & E 
that (without loss of generality we may assume that Cj = 1 - if necessary we change 
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w and z with the help of rotations of suitable components, so the Lempert function 
does not change) 

AiV'j(Ai) = Wj, j = 1,... ,k, ipjiXi) = Wj, j = k + l,... ,n, 
X2tlJj{X2) = Zj, j = 1,... ,k, tpj{X2) = Zj, j = k+l,... ,n. 

Taking the aj-th power and multiplying the equalities we get that 

+■••+"'= = w", A^^+-+"'= = z". 

The formulas above describe all possibilities, which may deliver us the candidates 
for the realization of the Lempert function. Now for all possible pairs of numbers 
Ai,A2 given as above we find mappings, which map Ai and A2 in w and z. Note 
that there are mappings tjjj G 0{E, C*), j = 2, . . . ,n such that (see Lemma 7) 

V'j(Ai) = \ = ^, j = 2,...,k, 

(«;")«!+• '^1 

Vi(A2) = 1 = ^, j = 2,...,k, 

tpj{Xi)=Wj, j = k + l,... ,n, 
tpj{X2) = Zj, j = fc + 1,... ,n. 



Define also 



Put 



V'i(A):= -, XeE. 

{i,rW-----^n-{X))^ 



ifiiX) := (AV-ilA),... ,AV'fc(A),Vfc+i(A),... ,Vn(A)). 

The -^-st root in definition of V'l is chosen so that (^i(Ai) = wi, and we know 
that ip'^'- {X2) ~ z"^. One may also easily verify that </?(Ai) — w and i^j(A2) = Zj, 
7 = 2,... , ri, which, however, in view of Lemma 5 shows that there is also a mapping 
€ 0{E, Da) such that <^(Ai) = w, (p{X2) = z. Therefore we have proved that 

k*jj^{w,z) = min{m(Ai, A2) : Ai,A2 G £, Ai"+-+"^'= = w'' ^X^''^-^"'" = z«}, 

where the minimum is taken over all possible subsets {ji,... C {l,-- - ,n}. 
And now Lemma 14 finishes the proof (remark that without loss of generality we 
may assume that wj > 0, j = 1, . . . , n). □ 

Proof of the formula for k*jj in rational case. Note that tanh""'^ of the desired 
formula is equal to tanh~^ of the Lempert function off the axis, satisfies the triangle 
inequality and is continuous. The definition of the Kobayashi pseudodistance and 
its continuity (see [JP 2]) finish the proof. □ 

To finish the proof wc arc remained only with the problem of computing the 
Kobayashi-Royden pseudometric We get that formula from that of the 

Kobayashi pseudodistance. But to see that we have to define an operator, which 
connects these both functions. 
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Following M. Jarnicki and P. Pflug (see [JP 2]) for a domain D C C" we define 
the following function 

DkD{w;X) :=limsup \, -, weD,XGC"-. 

The function defined above differs from that in [JP 2], nevertheless, since our version 
is not larger than that from [JP 2] the inequality below, which is crucial for our 
considerations, remains true 

(4) T)kD{w; X) < kd{w; X), weD,X€ C". 

Lemma 15. Let a G N", where aj 's are relatively prime. Then 



DkD„{w;X) 
I 



IE 



ni 



ni 



1 " 

t y 

mm{ak} ■f-f 



weDoc,X & C". 

Proof. Without loss of generality we may assume that Wj > 0, j = 1, . . . ,n and 
a„ = minjafe}. Using the formula for we get 



(5) sfcuc ^) = 1™ sup 



n-=iK-+Ax,^-/""-n-=i 



i-n;=iK+Ax,-^va.n^ 



aj/a„ 



Applying the Taylor formula we get for A close to 

XX, 



Ctr, 



+ ej(A), j = !,••• 



where ^^jp- 



as A — > 0. Substituting the last equalities in (5) we get that 

(n;=ik?r/-)iAi|E;=iS7 



Dkn (w;X)=limsup y , 

A/»o (i-n;=iKi'"^/"'')iAi 

which equals the desired value. □ 

Proof of the formula for kd^ in rational case. If 7^ 0, then, in view of Lemma 
10 we are done. The case V]" , fiii. _ q follows from Remark 4. 

Take w G Da- Without loss of generality we may assume that wj G M+, j = 
1, . . . , n and — minjaj}. Below, for X G C", ^ we shall construct 

a mapping G 0{E, such that 

(p{Xi) = w, tif'iXi) = X, 
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where Ai := • . . . • <")i/"" > 0, i (^^^ ■ . . . • <")i/«" ^^=1 

Note that the existence of such a <^ would finish the proof because of Lemma 15 

and (4). 

Define the mapping 

where (see Lemma 9) 

V'j(Ai) =Wj, j = 1,... ,n-l, tipj{Xi) =Xj, j = 1,... ,n-l. 

We choose the ^^-th power so that </?n(Ai) = Wn, after some elementary transfor- 
mation we get that 

i(/p;(Ai) = X„, 

which finishes the proof. □ 

4. The irrational case — Proof of Theorem 3. As in rational case we start 
with the proof of the formula of the Lempert function. First, we make use of the 
special properties of the domains of irrational type to get: 

Lemma 16. Let a be of irrational type. Then for any w, z ^ Da 

Proof. Certainly it is enough to prove that 

^*Da ^) = -^)' whenever z ^ T^. 

Assume that 

(6) k*jj^ {w, zi) < k*jj^ {w, Z2) =■ e 
for some 5i, 02 G T^. Then in view of Lemma 5 

(7) k*uS^,z)=e 

for all z € T^^.a- Because of (1) wc have that zi G = T^^ = T^^.a- The 
last statement contradicts, in connection with (6) and (7), however, the upper- 
semicontinuity of the Lempert function. □ 

As an immediate corollary of Lemma 16 we get 

CoroUciry 17. Let a be of irrational type, then for any z G Da 

k*jj^ (z, z) = for any z G T^. 

Proof of the formula for fc^,^ in irrational case. The case 7^ is covered by 
Lemma 10. Consider now the remaning case. In view of Lemma 16 we have that 

k*D„iw,z) = k*jj^{{\wi\, . . . ,|u;„|),(|^;i|,... , 
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Let us choose a sequence {a*'^)}^! C (Q+)" such that 

a^^) ^ a. 

First notice that in view of Theorem 2 we know that if x, y G n D^{k) , then 

(8) ko^^^^{x,y)=m{{x^^ • . . . • a;„" ) * ^ ' , (yi ' • . . . • y„" ) ^^'). 
We may assume that min{aj} = Q!„ and min{a^'^^} = First we prove that 

>m((|w;iri •...•|«^nr")'/"",(|^i|"^ •...•kni"")'/"")- 

Suppose it docs not hold, so there is a mapping ip e 0{E,Da) such that (p{Xi) = 
(\wi\, . . . , |ii;„|), (p{X2) = (l^il, . . . , \zn\) and 

m(Ai, A2) < miiiw^r ■■■■■ r- (kir^ • • • • • k^r")'/"")- 

Then we may choose k so large that v{E) C D^(k} and 
m(Ai,A2) < m((|i.i|"^'=' ■ ... ■ Kr^.'^/^^."', • ... ■ which, 

however, contradicts (8). 

To get the equality consider the mapping (p{X) := (^i(A), . . . ,'^„_i(A), AV'n(A)), 
where (see Lemma 7) 

^j€OiE,C,), j = l,...,n-l, 

Ai := (K|"i • . . . • \wnr-)^ > 0, A2 Hz^r ■■■■■ knl"") - > 0; 
V'j(Ai) = \wj\, i}j{\2) = \zj\, j = 1,... ,n- 1, 

Define also 

^„(A) := XgE. 

(^r(A)-...-C-I^(A))^ 

The ^-th root is chosen so that tpniXi) ~ \wn\- One may also easily check from 
the form of tpj^s in the proof of Lemma 7 that then (fn{X2) > 0, so v'ri(A2) = \zn\- 
This completes the proof. □ 

Identically as in the rational case we have: 

Proof of the formula for fcj,^ in irrational case. Note that tanh~^ of the desired 
formula satisfies the triangle inequality and coincides with the tanh""'^ of Lempert 
function ofi^ the axis. The continuity of the Kobayashi pseudodistance (see [JP 2]) 
as well as the definition of the Kobayashi pseudodistance finish the proof. □ 

Having the formula for the Lempert function we get 

Proof of the formula for go^ in the irrational case. 
Case I. J = 0. 
Corollary 16 implies that 

Qd^ [w, z) =Q for any z €T^. 
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Maximum principle for plurisubharmonic functions (applied to godw,-)) implies 
that 

9Do,{w,z) = for any z with \zj\ < \wj\, 

which, however, means that go^iw,-) vanishes on a set with non-empty interior 
(rcmcnnbcir that w'l ■ . . but qd^ {w, ■) is logarithmically plurisubharmonic, 

so it must vanish on D^. 
Case II. J 7^ 0. 

This case is a simple consequence of Lemma 10, the inequality g <k*, definition 



of the Green fimction and the fact that the function (|2;i|"^ • . . . ■ |2;„|"") "31+- 
is logarithmically plurisubharmonic on Da. □ 

Proof of the formula for A^^ in irrational case. The result follows from the formula 
for the Green function and definition of the Azukawa pseudometric. □ 

And now similarly as in the rational case we finish up the proof by showing the 
formula for kd„ ■ 

Lemma 18. Let a be of irrational type. Then 



I 



IE 



n 



ni 



Wi 



1 -A ajXj 



for we Dc,X e C". 

Proof. Without loss of generality we may assume that a„ = minja/j}. The formula 
for the Kobayashi pseudodistance gives us 



(9) (w; X) = lim sup 

A/»o 



n;=i \wj + xxj\-^/-- - uu i^'ii"^'^"" 



1 - n "=1 \Wj + AX,|«^/«n n \Wj\-^/-n |A| 



Note that aj/an > 1. Therefore, applying the Taylor formula we get, for A close 
to 0, 



Re 



XX. 



IV i 



+ ej{X), j = l,. 



,n, 



where ^ ^ as A ^ 0. Substituting the last equalities in (9) we get that 

n:^i(i-.i'>o^''>'^ric- (a 

DkD (w;X)=limsup j ^ — ^ — r , 

(i-n;=iKi'"^/"'')iAi 

which equals the desired value. □ 

Proof of the formula for kd^ in irrational case. If ^7 ^ 0, then, in view of Lemma 
10, we are done. Also the case y]^_^ = follows from Remark 4. Below we 
deal with the remaining cases. 
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Take w € -Da- Without loss of generality we may assume that Wj€lR+, j — 
1, . . . ,n and Q!„ = minjaj}. Below, for X £ C" with "jj^'' ^ we shall 

construct a mapping (p G 0{E,Da) such that 

<^(Ai) = i</9'(Ai) = X, 

where Ai := («;^^ • . . . • <")i/"" > 0, i := • . . . • <")i/«" 

Note that the existence of such a if would finish the proof because of Lemma 18 

and (4). 

Define the mapping 

^(A) := (^r(A),... ,i,r.-i{X), ^X) ■ . . . -r^,^ {X)y/^^^ ) ' 
where (see Lemma 9) 

V'j(Ai) =Wj, j = 1,... ,n-l, tip'jiXi) =Xj, j = 1,... ,n-l. 

We choose the l/Q;„-th power so that ipn{Xi) = Wn- After some elementary trans- 
formation we get that 

tip'^iXl) = Xn, 

which finishes the proof. □ 

5. Some applications. Having proven the formulas for the invariant functions 
for the elementary Reinhardt domains we may formulate some conclusions, which 
follow from them. They show how irregularly the functions can behave although 
the domains considered arc very regular. 

For a given domain D C C" we define a relation TZ on D as follows: wTZz 
foT w,z & D if k}){w,z) = 0. In [Ko2], S. Kobayashi asked a question whether 
the quotient D/TZ has always a complex stnicturc. The answer is 'no', however 
the examples showing this are artificial (see [Ko 1], page 130 also [HD] and [Gi]). 
^From Theorem 3 we know that if a is of irrational type, then Da/TZ is equal to 
[0, 1). This gives the first very simple example of a very regular domain, for which 
the answer to the above question is 'no'. 

One may consider some generalizations of the Caratheodory pseudodistance, 
called the fc-th Mobius function, denoted by m*^ (for fc = 1, 2, . . . ) (for definitions 
see [JP 2]). S. Nivoche (see [N]) has proved that if a domain is strictly hyperconvex, 
then the functions m'^ tend to g. One may easily verify that if a is of irrational type, 
then all the m'^'s vanish on x Da- Therefore wc sec that no such convergence 
takes place in domains Da {a of irrational type), so one may not expect a similar 
result as in [N] in the class of Reinhardt complete pseudoconvex domains. 

In general, the Lcmpcrt function seems to be very distant from the Green func- 
tion. The definition of the Kobayashi pseudodistance makes an impression that 
the Kobayashi pseudodistance should be larger or equal than the Green function. 
Nevertheless, if a e N" is such that all aj's are relatively prime and min{aj} = 1, 
then we have the following inequalities (see Theorem 2): 
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In the papers [Pa] and [LI] a notion of stationary maps was introduced and 
studied. In the class of strongly convex domains these mappings are exactly the 
fc-geodesics. In case of strongly pseudoconvex domains godesics must be necessarily 
stationary maps. One knows that in general the inverse implication does not hold 
(see [Pa] and [PZ]). ^From the proof of Theorem 2 we may construct also other ex- 
amples disproving the implication. One may find even domains, which are strongly 
pseudoconvex (one produces them by cutting the 'ends' and then smoothing the 
corners) . 

6. Open problems. It would be interesting to find formulas of all invariant 
functions discussed above for domains of the following more general type: 

D„i n . . . n n {{RiE) x . . . x {RnE)), 

where G (K+)", j = 1,... ,k. 

References 

[A] K. Azukawa, Two intrinsic pseudo-metrics with pseudoconvex indicatrices and star- 

like domains, J. Math. Soc. Japan 38 (1986), 627-647. 

[BFKKMP] B.E.Blank, D.Fan, D. Klein, S.G.Krantz, D.Ma, M.-Y.Pang, The Kobayashi metric 
of a complex ellipsoid in C^, Experimental Math. 1 (1992), 47-55. 

[C] C. Caratlicodory, Uber eine spezielle Metrik die in der Theorie der analytischen 

Funktionen auftritt, Atti Pontifica Acad. Sc., Nuovi Lincei 80 (1927), 135-141. 

[E] A. Edigarian, On extremal mappings in complex ellipsoids, Annales Pol. Math. 

LXII.l (1995), 83-96. 

[Ge] G. Gentili, Regular complex geodesies in the domain 

Dn = {{zi, . . . ,z„) g C" : l^il + . . . + \z„\ < 1}, Springer Lecture Notes in Math. 
1277 (1987), 35-45. 

[Gi] B. Gilligan, On the Kobayashi pseudometric reduction of homogeneous spaces, Can. 

Math. Bull. 31 (1988), 45-51. 
[HW] G. H. Hardy & E. M. Wright, An Introduction to the Theory of Numbers, Oxford 

Science Publ., 1978. 

[HD] V. Z. Hristov & T. Davidov, Examples of typical Caratheodory and Kobayashi pseu- 

dodistances, Comptes rend, de I'Acad. Bulg. Sc. 39 (1986), 23-25. 

[JP 1] M. Jarnicki & P. Pflug, Some remarks on the product property, Proc. Symp. Pure 

Math. 52 (Part 2) (1991), 263-272. 

[JP 2] M. Jarnicki & P. Pflug, Invariant Distances and Metrics in Complex Analysis, Walter 

dc Gruyter, 1993. 

[JPZ] M. Jarnicki, P. Pflug & R. Zcinstra, Geodesies for convex complex ellipsoids, Ann. 

d. Sc. Norm. Sup. di Pisa XX Ease 4 (1993), 535-543. 
[Kl 1] M. Klimek, Extremal plurisubharmonic functions and invariant pseudodistances. 

Bull. Soc. Math. France 113 (1985), 231-240. 
[Kl 2] M. Klimek, Pluripotential Theory, Oxford University Press, 1991. 

[Ko 1] S. Kobayashi, Hyperbolic Manifolds and Holomorphic Mappings, Pure and Appl. 

Math. 2, M. Dekker, 1970. 
[Ko 2] S. Kobayashi, Intrinsic distances, measures and geometric function theory. Bull. 

Amer. Math. Soc. 82 (1976), 457-416. 
[L 1] L.Lempert, La metrique de Kobayashi et la representation des domaines sur la boule. 

Bull. Soc. Math. France 109 (1981), 427-479. 
[L 2] L. Lempert, Intrinsic distances and holomorphic retracts. Complex Analysis and 

Applications '81 (1984), Sophia, 341-364. 
[N] S. Nivoche, Pluricomplex Green function, capacitative notions and approximation 

problems in C",, Ind. Univ. Math. J. 44 (1995), 489-510. 
[Pa] M.-Y.Pang, Smoothness of the Kobayashi metric of non-convex domains. Interna- 

tional Journal of Mathematics 4 (1993), 953-987. 



EFFECTIVE FORMULAS FOR INVARIANT FUNCTIONS 



21 



[PZ] P. Pflug & W. Zwonck, The Kohayashi Metric for Non-Convex Complex Ellipsoids, 

Complex Variables 29 (1996), 59-71. 
[R] H.— J. Reiffeii, Die Caratheodory Distanz und ihre zugehdrige Differentialmetrik, 

Math. Annalen 161 (1965), 315-324. 

Carl von Ossietzky Universitat Oldenburg, Fachbereich Mathematik, Postfach 
2503, D-26111 Oldenburg, Germany 

E-mail address: pflugSmathematik.iiiii-oldenburg.de 

Uniwersytet Jagiellonski, Instytut Matematyki, Reymonta 4, 30-059 Krakow, 
Poland 

E-mail address : zwonekQim . uj . ed . pi 



